In this study, we apply a robust optimization approach to a p-center facility location problem under uncertainty. Based on a symmetric interval and a multiple allocation strategy, we use three types of uncertainty sets to formulate the robust problem: box uncertainty, ellipsoidal uncertainty, and cardinality-constrained uncertainty. The equivalent robust counterpart models can be solved to optimality using Gurobi. Comprehensive numerical experiments have been conducted by comparing the performance of the different robust models, which illustrate the pattern of robust solutions, and allocating a demand node to multiple facilities can reduce the price of robustness, and reveal that alternative models of uncertainty can provide robust solutions with different conservativeness.
Introduction
The facility location problem addresses facility locations intended to serve a set of given demands. In reality, facility location is often a long-term decision and is vital in building a logistics network, so firms must consider the uncertainties in its life-span in the initial design. Uncertainties can be even more drastic in emergency circumstances, in which firms need to serve demand quickly and fairly. In such cases, decision-makers have to solve location problems under uncertain input data.
Facility locations under uncertainty received decades of research attention, with different approaches to embedding uncertain information in location models. These modeling techniques are classified mainly as robust approaches and stochastic approaches, depending on whether decision makers can acquire probabilistic information. For emergency situations such as natural disasters, it is difficult to acquire distributional information in advance, which motivates our study of the robust optimization (RO) approach in this work. Most existing studies on facility locations under uncertainty focus on optimizing the total cost or profit. However, the p-center location model, which minimizes the maximum cost between a client and its closest facility in a network, focuses on clients "who are poorest served" and is more suitable for emergency services. A multiple allocation strategy is practical and may improve the price of robustness of a location plan.
This study presents robust p-center facility location models based on three types of cost uncertainty: box uncertainty, ellipsoid uncertainty and, cardinality-constrained uncertainty. Along with a multiple allocation strategy, we can develop robust solutions with different structures from our models. We present the tractable formulations and compare the performance of three RO approaches through a series of numerical experiments.
The paper proceeds as follows: in Section 2, we review the relevant literature on the facility location problem under uncertainty and RO approaches. In Section 3, we adopt three RO approaches to formulate robust p-center models and present their tractabilities, and illustrate the causes and robustness of the multiple allocation strategy. In Section 4, we conduct a series of numerical experiments to illustrate wired-wireless network design problem, using cardinality-constrained uncertainty to model wireless propagation, a primal heuristic method based on variable fixing and large neighborhood search is designed to solve the robust model. Some studies apply two-stage RO to facility location problems. Atamturk and Zhang [30] is the first to propose a two-stage RO model for network flow and design problems. Hervet et al. [31] introduce a two-stage robust network design problem under scenario-based demand uncertainty, solving it with a column-and-constraints generation algorithm. Gabrel et al. [32] propose a two-stage robust location-transportation model with a cardinality-constrained demand uncertainty set. An et al. [33] present a two-stage RO model for a reliable p-median problem using a cardinality-constrained set to model facility disruption uncertainty. Álvarez-Miranda et al. [34] propose a two-stage recoverable fixed-charge facility location problem with a finite uncertainty set of scenarios, in which both the location and allocation decisions are made in two stages. Peng et al. [35] present a multiplicative cardinality-constrained uncertainty, considering a two-stage facility location problem with disruptions. Furthermore, Lu et al. [36] is the first to apply the distributionally RO method to model disruption uncertainty in the context of facility location. We compare this paper with the related references in Table 1 , the column "CC" stands for cardinality-constrained uncertainty and "2SRO" represents the two-stage robust optimization model. To the best of our knowledge, we present the first robust p-center facility location model applying set-based RO approach, modelling uncertain cost as box, ellipsoidal and cardinality-constrained uncertainty. 
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A Robust Multiple Allocation p-Center Facility Location Problem
The deterministic p-center problem is proved to be NP-hard by Kariv and Hakimi [37] , aiming to locate p facilities to serve given demand while minimizing the maximum cost to serve a demand node. We assume that in our models:
(i) The capacity of all open facilities can satisfy all the demands. The uncapacitated facility location problem (UFLP) is one of the fundamental location problems described in Laporte et al. [6] ; (ii) The demand is infinitely divisible and can be fulfilled by one or multiple facilities as addressed in Calik [2] .
Based on the formulation of the deterministic p-center problem in Section 3.1, we assume the cost is uncertain and contained in an uncertainty set, applying three RO approaches to formulate robust models for the multiple allocation p-center problem under cost uncertainty in Sections 3.2-3.4. We implement a box uncertainty set and an ellipsoidal uncertainty set using an approach similar to that of Baron et al. [24] . We introduce the cardinality-constrained uncertainty set following Bertsimas and Sim [14] .
Deterministic Problem Formulation
Assume all data are known in advance in the problem. Sets I and J are on a connected graph G, where I is the set of demand nodes and J is the set of potential facility nodes. For every i ∈ I, j ∈ J, suppose that we know the unit cost between node i and node j, c ij , and the demand for node i, d i . y j and x ij are decision variables: y j = 1 if facility in node j is open and y j = 0, otherwise. Unlike the classic p-center model, we relax x ∈ 0, 1 to x ∈ [0, 1], so x is the proportion of i's demand a facility in node j serves. We further explain this multiple allocation strategy in Section 3.5. Following Daskin [5] , we formulate the multiple allocation uncapacitated p-center problem as follows:
The objective function (1) and constraints (2) minimize the maximum cost to serve a demand node. Constraint (3) limits the total number of open facilities. Constraints (4) and (5) guarantee that demand can be assigned only to open facilities and all demand must be served.
When the problem in PCENTER remains deterministic, we can solve it as a mixed integer linear program (MILP). However, in an uncertain environment without probabilistic information, the original solution may no longer be optimal. Letc ij be the uncertain cost between nodes i and j. We can apply the RO approaches in the following sections to reformulate the problem based on different uncertainty sets.
The Robust Problem: Box Uncertainty
We consider the case that all unit costs c ij , j ∈ J, for serving a demand node i are uncertain and bounded in a symmetric interval. L is the maximum cost under box uncertainty for serving all demand nodes. Letc ij be the nominal value ofc ij . Under box uncertainty, we choosec ij from a symmetric box: [c ij (1 − ε),c ij (1 + ε)] with meanc ij , ε determines the uncertain scale, and 0 ε 1.
} i∈I be the box uncertainty set. We can augment constraints (2) such that
Because x 0, the robust counterparts of constraints (7) are
Therefore, the robust counterpart of PCENTER, which we can solve using an MILP solver, is as follows:
subject to constraints (3)- (6) and (8).
The Robust Problem: Ellipsoid Uncertainty
For the case of ellipsoid uncertainty, we assume that all unit costs c ij , j ∈ J, for serving a demand node i are bounded in an ellipsoid. L is the maximum cost under ellipsoid uncertainty for serving all demand nodes. We consider a total-normalized-squared deviation to define an ellipsoid uncertainty set:
where Ω i is a parameter that controls the robustness in U E for constraint i. Letĉ ij = εc ij , Σ be a |I| order diagonal matrix with non-zero entriesĉ ij ; then,
The augmented counterpart of constraints (2) are
According to the Karush-Kuhn-Tucker condition, the robust counterparts of constraints (11) are
Let
Since the objective (1) minimizes L, we can relax W i to
The robust counterpart of PCENTER with ellipsoidal uncertainty is RC ELL min L, subject to constraints (3)- (6), (13) and (14) .
RC ELL is a conic quadratic program that we can solve using a mixed-integer quadratic constrained program (MIQCP) solver, such as Gurobi.
The Robust Problem: Cardinality-Constrained Uncertainty
Under the cardinality-constrained uncertainty, we give a budget Γ i , which limits the number of unit costs c ij (j ∈ J, ∀i ∈ I) that can vary from their nominal values. L is the maximum cost under cardinality-constrained uncertainty for serving all demand nodes. The robust formulation of the constraints (2) becomes
Let vector x * be a feasible solution for constraints (15) . The protection function of the ith constraint (15) is
which is equivalent to
Let p, q be the dual value corresponding to constraints (18) and (19); then, the dual of the Problem (17)- (19) is
According to strong duality, we can formulate the robust counterpart of PCENTER under cardinality-constrained uncertainty as an MILP such that
which we can solve using an MILP solver.
Robustness of the Multiple Allocation Strategy
According to Nemhauser and Wolsey [3] , we can relax all allocation variables x ∈ {0, 1} |I|·|J| to x ∈ [0, 1] |I|·|J| in PCENTER, which means that only single allocation solutions can be derived from deterministic uncapacitated p-center problem. Because each client is always served by its "closest" facility to minimize the cost, unless more than one facility has the same cost for a demand node.
However, this conclusion is invalid when the "closest" facility is unclear. Our robust problems are able to provide mulitiple allocation solutions under uncertain circumstances.
In Figures 1 and 2 , we illustrate the impact of the three uncertainty sets on the choice of facilities for a single demand node i. Due to the constraints in (8) , (12) and (15) Figure 1 shows that box uncertainty considers only the worst unit costc ij +ĉ ij between every demand node and facility, and thus solving the robust problem is equivalent to solving a deterministic one. The best choice is obviously facility 1. For the other two robust problems, both the ellipsoidal uncertainty set and cardinality-constrained uncertainty set can prevent all uncertain unit costsc ij from reaching their worst value simultaneously. In this case, the optimal choice of facility for demand node i may be unclear when more than one facility can provide the minimum unit cost. Figure 2 provides an example of choosing multiple facilities to serve demand node i. Instead of applying a single allocation strategy, which may lead to a poor solution, the robust problems under ellipsoidal and cardinality-constrained uncertainty can provide multiple allocation solutions, resulting in choosing facilities 1 and 2 together, which are both possible optimal choices with a single allocation strategy, but it requires that the robust parameters Ω i and Γ i be within a certain range (e.g., Ω i = Γ i = 1).
For any demand node i, we have the following proposition: Proposition 1. In the robust p-center problems with ellipsoidal uncertainty and cardinality-constrained uncertainty: (i) In the optimal solution, a demand node i can possibly be served by multiple facilities.
(ii) When a demand node i is allocated to multiple facilities, the optimal solution under ellipsoidal uncertainty is related to Ω i , the optimal solution under cardinality-constrained uncertainty is fixed and not related to Γ i .
Proof of Proposition 1. Choosing optimal facilities for serving demand node i (c ij are under cardinality-constrained uncertainty) is equivalent to solving:
where α j =c ij −c ij c ij is the deviation variable, and J * is the set of open facilities. Let h(x, α) = ∑ j∈J * x ij − 1,
The Model (28)-(34) is a convex program, which can be solved applying the Karush-Kuhn-Tucker condition in Equations (36)-(47), the Lagrange function is in Equation (35) :
Equations (29) (36) and (41), α j 1 = 0, so that allc ij 1 =c ij 1 +ĉ ij 1 , j 1 ∈J, are equal. This requires allc ij 1 +ĉ ij 1 are identical, we assume this is a special case that cannot occur.
Furthermore, we can evaluate the robust problem under ellipsoidal uncertainty by replacing constraint (30) with
Similar conclusions can be derived as under cardinality-constrained uncertainty, except that the multiple solutions require that, for all j 1 ∈J, c ij 1 d i x ij 1 = 2α j 1 γ. Due to Equation (30), x ij 1 varies with α j 1 as well as Γ i .
The multiple allocation solution to the problem with ellipsoidal and cardinality-constrained uncertainty will lower the maximum cost to serve a demand node because it does not consider the worst value of every uncertain costs, as box uncertainty does. Therefore, for the multiple allocation p-center problem under uncertain cost, ellipsoidal and cardinality-constrained uncertainty is less conservative than box uncertainty is, but may lead to a higher maximum cost to serve a demand node when all uncertain costs vary to their worst value. We further study how the three RO models affect the objective values and solutions in the next section.
Numerical Study
In this section, we provide an illustrative example in Section 4.1 to show the pattern of solutions for the three RO models under different robustness levels. We study how the overlapping uncertain costs affect the solutions in Section 4.2. We also conduct a set of experiments to compare the performance of the three RO approaches in Section 4.3.
All of the experiments are based on artificial data. For the experiments in Sections 4.1 and 4.2, we give a simple three-node network and set p = 2. All data are designed by ourself for illustration purpose, we assume d i = 1, i ∈ I for computational ease. In Section 4.3, we generate a random 10-node network for each instance and set p = 3. We described the detailed method for generating input data and assume Ω i = Ω, Γ i = Γ, i ∈ I. We solve all robust counterpart models using Gurobi 7.5.
Effect of Robustness Parameters
We compare different solutions from the three RO models in Section 3. A simple instance is as follows:c 12 = 20,c 13 13 are overlapping. We test the change in solutions as a function of the robustness parameter Ω in Section 3.3 and Γ in Section 3.4. Figures 3 and 4 show the objective values and solutions with respect to Ω or Γ, respectively. In the following figures, "box", "ell", and "cc" represent the models with box, ellipsoidal, and cardinality-constrained uncertainty, respectively.
From Figure 3 , we see that, when the value of Ω or Γ is within a certain range, the robust problems with ellipsoidal and cardinality-constrained uncertainty produce solutions in which x 12 and x 13 are non-binary, meaning that the facilities in nodes 2 and 3 can simultaneously serve the demand from node 1. However, in the cardinality-constrained case, x 12 and x 13 is fixed when we produce multiple allocation solutions, while, for the ellipsoidal case, x 12 and x 13 vary with Ω. Figures 3 and 4 show that, when using a multiple allocation strategy, the objective values of the models with ellipsoidal and cardinality-constrained uncertainty are not as conservative as for box uncertainty. Note that, for the ith constraint, when Ω i = 1, U E is the largest ellipsoid contained in U B , so, if Ω > 1, the solution to the corresponding model may be the same as in the box case, which means that the objective value of ellipsoidal case has no practical meaning when it is larger than that in the box case. 
Effect of Overlapping Uncertain Cost
As we mentioned in Section 3.5, we can derive multiple allocation solutions from the problem with ellipsoidal and cardinality-constrained uncertainty. Because overlapping cost intervals serve a demand node means that we cannot find a single optimal facility, we test how the overlapping scale affects the solutions in this subsection. For this illustration,c 12 = 20,c 13 = 20 + ∆,c 21 =c 23 =c 31 =c 32 = 100; c 12 = 10,ĉ 13 = 40 + ∆, andĉ 21 =ĉ 23 =ĉ 31 =ĉ 32 = 20. ∆ is a value that controls how much c 12 overlaps with c 13 . Let Ω = Γ = 1. In Figures 5 and 6 , we plot the objective values and solutions of the RO models, respectively, as the value of ∆ changes. Figure 5 verifies that the overlapping cost intervals that determine the objective value leads to the multiple allocation solution. When ∆ 10,c 12 andc 13 do not overlap, and the three RO models produce identical solutions. When ∆ < 10, the objective value of the cardinality-constrained case increases linearly with ∆ and stays lower than that in the ellipsoidal case, as in Section 4.1, until they converge when ∆ = 10. In Figure 6 , we note that ∆ affects the solution to the ellipsoidal case; for x 12 and x 13 , the ellipsoidal case values change nonlinearly as ∆ increases, while the solutions to the cardinality-constrained case maintain the same value as long as x 12 and x 13 overlap. 
Comparison of RO Approaches
We regard ε as the scale of cost uncertainty, and choose a data range c ij as cost diversity. We generate everyc ij from 1 to 100 randomly (uniformly), c ij = c ji and c ii = 0, and d i randomly from [1, 10, 000] . Lettingĉ ij = εc ij , ε = 0.5, 1, 3, 7, 15, we generatec ij randomly and uniformly from [41, 60] , [31, 70] , [21, 80] , [11, 90] and [1, 100] . We generate 100 instances for each combination of ε and a data range ofc ij . Set Γ = Ω = 1. Table 2 and Figure 7 report the results. In Table 2 , columns "L b ", "L e ", and "L c " report the mean objective values of robust problems with box, ellipsoidal and cardinality-constrained uncertainty, respectively. Each cell in the table report the results for 100 experiments. The column "SA" shows the number of experiments that provide only single allocation solutions. Figure 7 is the graphical representation of Table 2 , and we plot the comparison between the three RO methods group by ε.
From the table, we see that the number of single allocation cases decreases with the scale of cost uncertainty ε and increases as the cost range ofc ij expands. Thus, as an example, with lower cost uncertainty and higher cost diversity, box uncertainty is more suitable because the other two models will probably give the same solution, especially when solving the model of ellipsoidal uncertainty requires dealing with a quadratic problem. However, with higher cost uncertainty and less cost diversity, the robust solutions of ellipsoidal and cardinality-constrained uncertainty can provide multiple allocation solutions that are not totally conservative. We observed from Table 2 and Figure  7 that, as ε grows, the difference betweenL b ,L e ,L c increases. With the same ε, the gap between the three RO methods decreases with the width of data range. This is because larger ε and a narrower data range may lead to more deeply overlapping uncertain costs. We also observe this from Figure 5 because the gap between the three objective values narrows as ∆ increases. data range may lead to more deeply overlapping uncertain costs. We also observe this from Figure 5 because the gap between the three objective values narrows as ∆ increases. 
Conclusions
In this study, we apply three classic RO modeling techniques to formulate a multiple allocation p-center facility location problem. Previous works in this area all focus on minimizing the total cost or maximizing profit. The comparison between three RO methods indicates that, between the deterministic problem with no robustness and the box uncertainty case, which is completely conservative, the cardinality-constrained uncertainty model is less conservative than the ellipsoidal uncertainty model overall. We also find that different RO methods are suited for different scales of cost uncertainty and diversity.
We are the first to apply set-based RO approaches modeling the uncertain cost in the p-center problem. Since p-center is widely applied in emergency services, and uncertainties with no distributional information are common in emergencies like natural disaster, our models are practical for locating an urgent distribution relief center or medical unit. Moreover, allocating the demand to multiple facilities is meaningful and this strategy can provide robust solutions that are not totally conservative.
We will further study the practical applications of our robust models, and the capacitated p-center model is a natural start. Combining with multiple dimensional location models (Sarkar and Majumder [4] ) can also make our work more realistic. We consider only static decision-making in this study. Future work can apply robust adaptable optimization (Bertsimas et al. [21] ) and other multi-stage RO methods (Hanasusanto et al. [19] ) to formulate dynamic problems, which usually split the decision process into a here-and-now, wait-and-see procedure. 
